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Abstract. Let p be an odd prime and G be a nonabelian group of order p" with the presentation 



where n>a>b>c> 1. Let k be a field containing a primitive p°-th root of unity and G act on the 
rational function field k(x h : h e G) by g ■ x h = x gh for all g,h e G. In this note, we prove that the fixed field 
k(G) = k(x\, : h e G) G is rational over k. As a corollary, we prove that if k contains a primitive p 4 -th root of 
unity and G is a nonabelian group of order p s generated by three elements, then k(G) is rational over k. 



1. Introduction 

Let k be any field and G be a finite group acting on the rational function field k(xh ■ h e G) by g-Xh = x g h 
for all g,h € G. We write k(G) for the fixed field k(xf, : h e G) G . The classical Noether's problem asks 
whether k{G) is rational (i.e., purely transcendental) over k. This problem has close connection with 
Liiroth's problem and the inverse Galois problem [11, 21, 22]. Noether's problem for finite abelian groups 
was studied extensively by Fischer, Swan, Voskresenskii, and Lenstra, etc. (See Swan [22] and Kersten 
[17] for the survey articles.) To our knowledge, Noether's problem for finite nonabelian /^-groups is not 
well answered. With some restricted conditions on the base field k, it is known that k(G) is rational if G is 
a /7-group of order < p 4 (Chu and Kang [5]), the metacyclic /j-group (Kang [12]), the /?-group containing 
a cyclic subgroup of index p (Hu and Kang [7]), the /?-group containing a cyclic subgroup of index p 2 
(Kang [14]), the 2-groups ([2, 13, 4, 3, 16] and the reference therein). 

The proofs to answer Noether's problem basically consist of three steps. The first step is to choose a 
faithful G-subrepresentation W of the regular representation. By No-name Lemma, the rationality of the 
fixed field k(W) G will imply that the rationality of k(G) holds. The second step is to transform the linear 
action of G on W into a kind of non-linear action of G on U for some space U with dim£/ < dimW. The 
purpose of this step is to reduce the dimension of a G-space on which G can be realized faithfully. In a 
sense, the rationality of k(W) G may depend on the rationality of k(U) G . The third step is to linearize the 
action of G on k(U) so that answering the rationality of k(U) G is expected. 

The purpose of this note is to extend Kang's method in [14] to investigate Noether's problem for finite 
nonabelian /^-groups with three generators. In what follows, we assume that p is an odd prime, G is a 
nonabelian group of order p" with three generators a,fi,y, and their orders are p a ,p h and p c respectively, 
where n > a > b > c > 1 are integers. For any elements x, y e G, we write [x,y] = x~ 1 y~ 1 xy for the 
commutator. Our main result is the following. 
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Theorem 1.1. Let G = (a,B,y \ a?" = 0? = yP c = l,[ar,y] = 1, [y,J3] = a p '~,[a,B] = y?) be a 
nonabelian group of order p'\ where n>a>b>c> 1. Assume that the base field k contains a primitive 
p a -th root of unity. Then the fixed field k(G) is rational over k. 

This theorem has two applications in the /^-groups of order < p 6 , where p is odd. Let G be a finite 
p-group of order p 5 . According to the classification of James [10], G belongs to one of the 9 isoclinism 
families: O, (2 < i < 10). Moreover, if G is generated by three elements, then G belongs to either $2 or 
Og. We notice that in the proof of Theorem 4.1 in [9], it was proved that for every group in the families 
<1>8, k(G) is rational over k. So we check the assumption of Theorem 1.1 for each group in the families ®2 
case by case, and eventually obtain 

Corollary 1.2. Let p be an odd prime and k be afield containing a primitive p 4 -th root of unity. Let G be 
a nonabelian group of order p 5 generated by three elements. Then k(G) is rational over k. 

Similarly, for the groups of order p 6 , we find that if G e O2 (or O14) is generated by three generators, 
then k(G) is rational over k provided that k contains a primitive p 5 -th root of unity (in particular, k = C, 
the field of complex numbers). A recent result due to Moravec [20] asserts that if two /^-groups G and G 
belong to the same isoclinism family, then their unramified Brauer groups are isomorphic. Thus 

Corollary 1.3. Let p be an odd prime and G a nonabelian group of order p 6 . If G e <1>2 or O14, then the 
unramified Brauer group ofG is trivial. 

Actually, one can prove Corollary 1.3 using the nonabelian exterior square of a group as in [19]. More 
results about the unramified Brauer groups of the finite /^-groups can be found in [3, 8, 9, 15, 19]. 

We notice that a theorem of Kuniyoshi [18] states that k(G) is rational over k for any field k with 
chaik = p > and finite /?-group G. Therefore, we always assume that k is a field so that the regular 
representation of G over k is non-modular. 

We close this section with several well-known results which will be used in our proof. 

Theorem 1.4 (Fischer, see ([22], Theorem 6.1)). Let G be a finite abelian group of exponent e, and let k 
be afield containing a primitive e-th root of unitary. For any linear representation G — > GL(V) over k, 
the fixed field k(V) G is rational over k. 

Theorem 1.5 (Hajja-Kang [6]). Let L be afield and G be a finite group acting on the rational function 
field L(x\ , • • • ,x n ). Assume that the restriction of the action of G to L is faithful, and for any g e G, 
g(L) c L and 
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where A g is annxn invertible matrix and B g is annxl matrix, both over L. Then there exist n elements 
Zi, • • • ,z n £ L(xi , • • • , x n ) such that L(x\ , • • • ,x n ) = L(z\ , • • • ,z n ) and g(zi) = Zifor all i and g e G. 

Theorem 1.6 (Ahmad-Hajja-Kang [1]). Let L be afield and G be a finite group acting on the rational 
function field L(x). Assume that for any g € G, g(L) c L and g(x) - a g ■ x + b g , where a g ,b g € L and 
a g + 0. Then L(x) G = L G (f)for some polynomial f € L[x]. 
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2. Proof of Theorem 1.1 

Assume that G = (a,/3,y | a p " = /3 pb = y pC = l,[ar,y] = l,[y,j8] = a p ' ,[a,/3] = y' f ). Obviously, 
< e < c and < r < a. Let £ be a primitive p a -th root of unity in k and to = ^ p " c . Then a> is a primitive 
p c -th root of unity. Let V = ® g eck ' x g be the regular representation of G. 

We define 

= ^ x a j,X 2 - x y'- 
0<j<p"-\ 0<j<p c -\ 

Then a ■ Xi = X\ and y ■ X2 = X 2 . Define 

Y x = ^ w - V • Xi = Xi + oT x y ■ Xi + ■ ■ ■ + oj- (pC ~ l) y pC ~ l ■ *i ■ 
0<j<p c -l 

Y 2 = V r j a j -X 2 =X 2 +r l a-X 2 + ---+r (pa ~ l) a pa ~ l ■ X 2 . 
Q<j<p a ~l 

Since [a,y] = 1, it follows that 

y : Fx »a)-Y u Y 2 » Y 2 . 

For < i < p — 1, we define 

xi = p-Yx 

yt = {?-Y 2 . 

Notice that [a,fl] - y p ' and [y,jS\ = a p ' . We observe that 

e ■ p r+e 

a : Xi \-> {of ) l Xj,yi f-> £ y; 

/3 : XQ F-> JCl F"» • • • F-> Xpft.j F-» X() 

y f-> yx f-> • • • f-» yy,_j f-> y 
y : x,f->w x,-,y ; - f-> (£ p )'y,-. 

We see that IV = (© <i<p*-i& ■ *j) © (©o<i<p*-i^ ' yd is a faithful G-subrepresentation of V. By Theorem 
1.5, it suffices to show that the invariant field k(W) G is rational over k. 

For 1 < i < p b — 1, we define w,- = ^ and v, - j^. Then fc(W) = k(xQ, yo, v, : 1 < / < - 1). 
Let L - k(u{, Vj : 1 < i < p b - 1). For any g € G, we have that g • xq - ( g • xq and g ■ yo = i g ■ yo, where 
^g, t g e L. Notice that L is invariant by the action of G. More precisely, 

v e 

a : «; h or uu v, f-» v, 

/3 : H] H i<2 F4 • • ■ H4 F^ (j4\U 2 ' ' ' Mp*_i) _1 

Vl F-> V 2 F-> • • • F-> V^_! F-> (V1V 2 • • • Vpft.j)" 1 

y : Ui f-> t<j, Vj f-> £ p V/. 

By Theorem 1.6, we need to show that iP is rational over k. 

To do this, we need to develop some "linearization" techniques for the ^-automorphisms on a rational 
function field k{x\, ■ ■ ■ ,x m ). It is well-known that the group GL m (k) can be viewed as a subgroup of 
Autjfcjfc(;ci, • • • ,x m ), i.e., every m X m invertible matrix over k can act ^-linearly on k(xi, ■ ■ ■ ,x m ). So it 
is natural to ask what kind of ^-automorphism on k(x\, ■ ■ ■ ,x m ) can be linearized? More precisely, a 
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^-automorphism ft e Aut£&(xi, • • • ,x m ) is said to be linearized if there exists a group homomorphism 
from the cyclic group (fi) to GL m (k). Equivalently, is linearized if and only if there are m elements 
z\, ■ ■ ■ , z m e k(x\ , x m ) such that k(x\ , ■ ■ ■ , x m ) - k(z\ , ■ ■ ■ , z m ) and /? • (z ; ) - Y!j = \ hjZj, where (by) is 
anoixm invertible matrix over k. 

Lemma 2.1. Let jibe a k-automorphism ofk(x\, • • • , x m ) with the action 

/? : A'l h-» X% l-» • • • l-> X m H-> (Xl*2 • • • X„,) _1 - 

|f —j G ?/ze« j6 linearized. 

Proof. The proof is essentially due to Kang ([14], page 226). Define to = 1 + xi + X1X2 + X1X2X3 + • • • + 
xi • • • x m , fi - i, f,- - A ''7*'~' , where 2 < / < m + 1. Note that E™^ 1 f i = We have that k ( x i> ' ' ' > x m) = 
k(h, ■■■ , t m ) with the action 

to r 
Xl i=l 
Define z; = - — j- for 1 < i < m. Then the action of f3 is actually given by 



jS : zi i-> z 2 i-> • • • h> z m ^ - ^ 3. 



!=1 

as desired. □ 

Corollary 2.2. Le? m = p s — 1 ant/ [3 be a k-automorphism ofk(x[, • • • , x,„) w/?/i the action 
a p' 

p ' X\ I — > X\X 2 

1 p s-t p s_2 p s_ 3 2 

X2 I * X3 I > • • • I > X p ._i — — — x'j x 2 x' 3 • • • x pS _ 2 x pS .i ^ x 2 , 

Xj x 2 x 3 ■ • • x- s _j 

w/zere s > I/zen /3 jj linearized. 

Proof. Define zi - x 2 , z* = • X2 for 2 < i < p s - 1. Then fc(z; : 1 < i < p s — 1) = k(x\, • • • , x m ) with 
the action /? : zi h-> Z2 >-> • • • >-> Zp s -i (Z1Z2 ■ • 'Zp'-i) -1 >-» Zi- Recall the assumption that char& + p, so 
X e k. It follows from Lemma 2. 1 that /3 is linearized. □ 

We return to show that L G is rational over k. 

It follows that L<?> = jfc(w,-,v; : 1 < i < p b - \) {y) = k(u t ,Zi ■ 1 < i < P b - 1), where zi - vf " and 
z,- = jr- for 2 < i < — 1. Similarly, note that a fixes every z\, thus 

fcfez; : 1 < i < p b - l) (a - 7) = k( Wi ,Zi :l<i<p h - 1), 

where wi - u 1 ! and w,- - — for 2 < i < p b — \ . 

The action of /3 on k(zu w,- : 1 < i < p — 1) is given by 

jS : zi i-> Z1Z2 » z 2 i-» 23 !-» • ' • >-» V-i ^ 

pb-(a-f) pb_\ J,_2 2 ^ Zl Z2 Z3 " ' V-2V-1 ^ Z2 ' 

Zj Z 2 Z 3 

Wl H-> W1W2 , W2 H W 3 H ■ • • H 
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I — > W, 




■■■ w2 p b-2 W P b -\ ^ W2 " 




• • • w 



,2 



By Corollary 2.2, it follows that the action of /? on k(zu wt : 1 < i < p b - 1) is linearized. Applying 
Theorem 1.4, we conclude that Wi : 1 < £ < p — 1)^ is rational over k. This completes the proof. 
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